An analitical approximation of φ 2 for a scalar field in a static spherically symmetric wormhole spacetime is obtained. The scalar field is assumed to be both massive and massless, with an arbitrary coupling ξ to the scalar curvature, and in a zero temperature vacuum state.
II. WORMHOLE SPACETIMES
We shall regard a wormhole as a time independent, nonrotating, and spherically symmetric bridge connecting two asymptotically flat regions. The metric of wormhole spacetime (continued analitically into Euclidean space) can be taken in the form, suggested by Morris and Thorne [5] :
Here τ = it is the Euclidean time, ρ is the proper radial distance, ρ ∈ (−∞, +∞). We assume that the redshift function f (ρ) is everywhere finite (no event horizons); the shape function r(ρ) has the global minimum at ρ = 0, so that r 0 = min{r(ρ)} = r(0) is the radius of the wormhole throat. The topology of the wormhole spacetime is R 2 × S 2 . In order for the spacetime geometry to tend to an appropriate asymptotically flat limit at ρ → ±∞ we impose lim ρ→±∞ {r(ρ)/|ρ|} = 1, and lim
For simplicity we also assume symmetry under interchange of the two asymptotically flat regions, ρ ↔ −ρ, that is, r(ρ) = r(−ρ) and f (ρ) = f (−ρ). Note that introducing a new radial variable r instead of ρ by substitution r = r(ρ) ( 3 ) allows to rewrite the metric (1) in the following form
with
where the prime means the derivative with respect to ρ.
III. APPROXIMATE EXPRESSION FOR φ 2
Consider a quantized scalar field φ; the scalar field is assumed to be both massive with the mass m and massless, and with an arbitrary coupling ξ to the scalar curvature. We also assume that the field is in a vacuum state defined with respect to the Killing vector which always exists in a static spacetime. An unrenormalized expression for φ 2 can be computed from the Euclidean Green's function G E (x,x). Such the expression given in Ref. [18] for the case of static spherically symmetric spacetimes reads
where the modes p ωl and q ωl obey the homogeneous radial mode equation
The modes p ωl and q ωl also satisfy the Wronskian condition
where C ωl is a normalization constant. Let us stress that points in Eq. (19) are splitted. Namely, points are separated in time so that ≡ (τ −τ ),ρ = ρ, θ = θ,φ = ϕ. As was first pointed out by Candelas and Howard [25] for the case of Schwarzschild spacetime, the Euclidean Green's function have superficial divergences with this separation of points. As discussed in Ref. [18] , these cannot be real divergences because the Green's function must be finite when the points are separated; to remove the divergences one has to subtract some additional counterterms. The terms (rf 1/2 ) −1 in brackets in Eq. (19) are such counterterms (for details, see discussion in Ref. [18] ). Now let us proceed to the WKB representation by making the change of variables
where W is a new function of ρ. Substitution of Eq. (8) into Eq. (7) shows that the Wronskian condition is obeyed if C ωl = 1, and substitution of Eq. (8) into Eq. (6) gives the following equation for W :
Assuming that the functions f and r are varying sufficiently slowly, one can solve Eq. (9) iteratively with the small parameter
where L is a characteristic scale of varying of the metric functions 3 and
Neglecting terms with derivatives in Eq. (9) we choose the zeroth-order solution as follows:
where
Here we denote
with δ = ξ − 1/8. Stress that below we assume µ 2 > 0. The fourth-order solution is
3 More exactly, one may define L as follows:
and
Substituting the solution (15) into (8) and (19), and neglecting terms of the sixth order and higher we can obtain the following expression for the fourth-order WKB approximation for φ 2 :
A renormalized expression for φ 2 can be obtained as follows:
where the renormalization counterterms for a massive scalar field are given by [26] 
Here σ is equal to one half the square of the distance between the points x and x along the shortest geodesic connecting them. C is Euler's constant, R αβ is the Ricci tensor and σ α ≡ σ ;α . The constant m DS is equal to the mass m of the field for a massive scalar field. For a massless scalar field it is an arbitrary parameter. A particular choice of the value of m 2 DS corresponds to a finite renormalization of the coefficients of terms in the gravitational Lagrangian. To perform the procedure of renormalization in practice we make use of the formulas obtained in Ref. [21] . These formulas give the expressions for mode sums and integrals as exact expansions in powers of :
Together with the integrosums (23), which diverge in the limit → 0, the expression (19) contains the integrosums of the following form:
The functions N m n ( , µ) are regular in the limit → 0, and so one may directly set = 0 in Eq. (25) . Then, changing the order of summation and integration in Eq. (25) and integrating over u gives
Substituting Eqs. (23, 26) into Eq. (19) we may find the asymptotical expansion for φ 2 unren in the limit → 0. Finally, carring out the procedure of renormalization (21), i.e. subtracting φ 2 DS , we obtain the renormalized expression for φ 2 in the framework of the fourth-order WKB approximation: 
IV. ANALYSIS
The analytical approximation for 
assuming that ξ is of order unity or less, we conclude that m 2 r 
The expression for φ 2 , given by Eq. (28), has same order as the term proportionate to m −2 in DeWitt-Schwinger expansion for φ 2 , however it does not coincide with them. The reason of this is that the topological structures of Minkowski and wormhole spacetimes are different.
As a simple example, we consider the wormhole spacetime with the metric
given by Morris and Thorne [5] . Here f (ρ) ≡ 1 and r(ρ) = (ρ 2 + r (28) we find
and x = ρ/r 0 is a dimensionless proper radial distance. The obtained formula obviously shows that the qualitative behavior of φ 2 is determined by the function Ψ ξ (x) and depends only on ξ. This dependance is very interesting. In Figs. 1,2 we present the family of curves of φ 2 for various values of ξ. It is seen that φ 2 is purely negative at ξ = 0, and becomes alternating for greater values of |ξ|. To characterize this feature more accurate we consider an averaged value of φ 2 , i.e.,
It is easily to find that the averaged value is negative provided ξ 1 < ξ < ξ 2 , where ξ 1 ≈ −0.7994 and ξ 2 ≈ 0.1744, and positive in the other cases. At last, we note that the average value of φ 2 , computed in the metric (29), is negative for ξ = 0 (minimal coupling) and ξ = 1/6 (conformal coupling).
B. The case r L
Now let us analyse the analytical approximation (27) in the region r(ρ) L. Remember that L is the characteristic scale of varying of the metric, and so L −1 is proportional to derivatives of the metric functions. Hence it follows from the relation r(ρ)
It is worth to emphasize that an extreme example of the metric, for which the relation r(ρ) L is satisfied, is that when r(ρ) ≡ r 0 = constant and f (ρ) ≡ f 0 = constant, i.e.,
To illustrate a case of the mertic with non-constant coefficients obeying the condition r(ρ) L we may consider the following example: f (ρ) ≡ f 0 = constant and r 2 (ρ) = r L, the relation r/r c 1 be satisfied. Stress that it assumes that m = 0 and so m DS = m. In this case µ ≈ mr and we can simplify Eq. (33) by using the asymptotical form (A1) for S 0 (2πµ) and taking into account that ln(
It is easily to see that the last expression is positive for all values ξ. Now consider the opposite relation mr = r/r c 1. Note that it permits in particular the massless case m = 0. In this case µ ≈ (2δ) 1/2 the expression (33) for φ 2 can approximately be rewritten as
In particular, for conformal coupling ξ = 1/6 (δ = 1/24) we obtain S 0 (3 −1/2 π) ≈ −0.0596 and
Finally stress that the obtained expression (33) for φ 2 is not approximate but exact in the R 2 × S 2 spacetime with the metric (34). In this appendix we obtain asymptotics at large values of argument for the functions S n (2πµ) and N m n (µ). Consider the functions S n (2πµ) defined by Eqs. (A1). Making the substitution y = 2πµx in Eqs. (A1) we find
where λ = (2πµ) −1 and µ = (m 2 r 2 + 2δ) 1/2 . Note that the integrands in Eqs. (A1) contain exponential functions and are exponentially decreasing at large values of y. Hence the main contribution into the integrals is provided with values of integrands in the region 0 < y < 1. We are interesting in the case µ 1. In this case λ 1 and λy 1 if 0 < y < 1. Now we may use the asymptotical formula ln ( 
Consider now the functions N m n (µ):
where n = 2, 3, 4, . . . and m = 1, 3, . . . , 2n − 3. It is easily to check that they obey the following recurrent formula:
and in addition, 
